The Lovelock theory is an extension of general relativity to higher dimensions. We study the Lovelock black hole for a string cloud model in arbitrary dimensional spacetime, and in turn also analyze its thermodynamical properties. Indeed, we compute the mass, temperature and entropy of the black hole and also perform a thermodynamical stability analysis. The phase structure suggests that the Hawking-Page phase transition is achievable. It turns out that the presence of the Lovelock terms and/or background string cloud completely changes the black hole thermodynamics.
I. INTRODUCTION
Amongst the higher curvature theories of gravity, Lovelock theory [1] , introduced by David Lovelock [1] , the action of which contains higher order curvature terms, is the most general second order gravity theory in higher dimensional spacetimes. Lovelock gravity [1] is a suitable and natural modification to higher dimensional scenarios in the sense that the additions to the Einstein action become divergence terms below a critical dimension, and hence they do not contribute to the equations of motion in the lower dimensions. The Lovelock theories are exceptional, among the larger class of general higher curvature theories, in that the resulting field equations are just second derivatives of the metric function, and hence free from many pathologies that arise in higher curvature gravity. They are also shown to be free from ghosts when expanding about flat spacetime [2] . The Lovelock action goes back to the Einstein-Hilbert in four dimensions and contains corrections inspired by string theory to the Einstein-Hilbert action [3] . The Lovelock gravities help us to explore in depth several conceptual issues of gravity in a much broader setup. Most interestingly, we can include features of black holes such as their existence and uniqueness theorems, their thermodynamical properties and their horizon structure, etc. Since their inception, significant attention has been given to black hole solutions, including their formation, stability, and thermodynamics.
The most extensive research done on the Einstein-Gauss-Bonnet gravity are with second order curvature corrections [4] [5] [6] [7] [8] [9] . It turns out that the Lagrangian and field equations are very complicated in the third order Lovelock gravity, but still there are a large number of works extending various black hole solutions to the third order Lovelock gravity [7, 8, [10] [11] [12] [13] [14] . Recently, some works have been extended to general Lovelock gravity to find the exact solutions and their thermodynamical properties [11] . Although most of the known black hole solutions in Lovelock gravity are in vacuum, we may raise the question of having black hole solutions with source. Hence, many authors have investigated the exact black hole solutions with source such as a string cloud background, for instance, in the Einstein-Gauss-Bonnet gravity [10, 15] , and also in the third order Lovelock gravity [13, 14, 16] .
These days studying quantum effects of black holes is the most important route to a theory of quantum gravity. Hawking radiation [17] is the most significant phenomenon and almost the only theoretical prediction for quantum effects in gravity so far. Furthermore, the Einstein theory itself has to be possibly modified to explain major astrophysical observations disagreeing with its predictions. In the development of physical theories, e.g. constructing quantum gravities, unifying gravity with the rest of fundamental interactions or regularization schemes in the renormalization, etc, extending the spacetime dimension has often provided solutions for many problems. In such circumstances it is quite reasonable to consider modifications to the Einstein gravity in higher dimensions. On the other hand, string theory as one of strong candidates for quantum gravity and unified theories, contains such aspects. Whether or not string theory is an ultimate theory of the Universe, it will contribute to development of a final theory with its rich insights. In this sense to see effects of strings in modified gravity is a useful endeavor. Also, the universe can be represented as a collection of extended objects and one-dimensional strings, which is the most popular candidate for such fundamental objects. It may be noted that the study of Einstein's equations coupled with a cloud of strings may be very important because relativistic strings at a classical level can be used to construct applicable models [18] . The study of black holes in string cloud models was pioneered by Letelier [18] modifying the Schwarzschild solution for a cloud of strings as a source [18] , which was recently extended to Gauss-Bonnet gravity [15] and also to Lovelock gravity [14] . A string cloud background makes a profound influence on horizon structure and thermodynamical quantities but the entropy is not changed.
In this paper, we are concerned with the black hole solutions of general Lovelock theory in the string cloud model, and we will try to understand how higher-curvature corrections due to Lovelock gravity and the background string change the qualitative thermodynamics of Lovelock black holes as we know from our experience with black holes. The examination of thermodynamical properties of black holes draws a great deal of attention to quantum gravity, and extensive studies in this direction are being done. Studying thermodynamics of Lovelock black holes was started by Myers and Simon [19] . Research involving the Lovelock black holes in the background of clouds of strings has been done [12] [13] [14] . Here, we wish to also examine general thermodynamical properties of black holes in arbitrary dimensions for string cloud models.
The paper is organized as follows: In Sec. II we begin by examining the Lovelock action, which is a modification of the Einstein-Hilbert action, and also derive energy momentum tensors for a cloud of strings. The thermodynamics of a spherically symmetric Lovelock black hole solution in this theory is examined in Sec. III. The thermodynamical stability is also discussed and we demonstrate that Hawking-Page phase transition is possible. Sec. IV summarizes the results. In the appendix we discuss how locations of horizons and curvature singular points are affected by changing parameters, especially the mass parameter. We used units that fix G = c = 1 and the metric signature, (−, +, +, · · · , +).
II. LOVELOCK BLACK HOLES
Lovelock gravity is the most general higher dimensional second order theory of gravity which is free of ghosts. Lovelock gravity action in N(≡ n + 2) dimensions reads [1] 
where α s is an arbitrary constant, L s is the Euler density and the generalized Kronecker delta δ
..αsβs is totally antisymmetric in both sets of indices.
and 2m = n for even dimensions and 2m − 1 = n for odd dimensions. 
is the Einstein tensor, where the second terms are due to Lovelock gravity, and we do not give their expression. Here we wish to consider the energy momentum tensor of a cloud of strings, which can be obtained from the Nambu-Goto action of a string [18] ,
where m > 0 is a positive constant for each string and γ = det γ ab where
where (λ 0 , λ 1 ) with λ 0 and λ 1 being timelike and spacelike parameters. Using T µν = −2∂L/∂g µν , the energy momentum tensor for a cloud of strings reads
where
ǫ ab is the Levi-Civita tensor and ρ is a proper density of a cloud of strings. We assume a metric in the following form [5, 12, 19, 22 ]
whereγ ij is a metric in the n-dimensional constant curvature space (κ = 1, 0, −1). It has been shown by Wheeler [22] that equations of motion for general vacuum solutions of the Lovelock action in static spherically symmetric spacetimes are obtained by solving a polynomial equation. We assume
and then the tt component of Eq.
withα s by
Here ω 0 is an integration constant related to the Arnowitt-Deser-Misner(ADM) mass defined
and V (r) is related to the energy momentum tensor, explicitly written as
The general form of the energy momentum tensor T µ ν for static spherically symmetric spacetimes [11] is given by
where k is a constant. The dominant energy condition allows only a ≤ 0 and −1 ≤ k ≤ 0 and the causality condition further constrains k to −1 ≤ k ≤ −1/n [11] . In a sense the string cloud is unique in that its energy momentum tensor corresponds to k = 0, which contributes to the mass with the highest power. General expressions of thermodynamical quantities can be conveniently obtained using the polynomial equation. Reference [6] gives thermodynamical quantities for static spherically symmetric vacuum solutions. Henceforth, we specialize to the case of a string cloud model, i.e., k = 0. To express f (r) in terms of r we need to solve the above polynomial equation. For a special choice ofα s f (r) can be expressed explicitly. For instance, given the special relationα s = (±1) 
III. THERMODYNAMICS AND PHASE TRANSITION
In this section, we present the exact thermodynamical quantities associated with the Lovelock black solution in Eq. (10) . Based on the general results in the last section we find general thermodynamical quantities in terms of a horizon radius. Let us introduce a new function ω such that
with ω 0 = ω(r h , 0). The Arnowitt-Deser-Misner(ADM) mass is defined by
where V n = 2π (n+1)/2 Γ[(n + 1)/2] and using Eq. (10) we get
For V (r) = 0 mass reduces to the result in [6] ,
For κ = 0
For f explicitly given as a function of r and a constant ω, the Hawking temperature T h for a black hole is defined by T h = κ s /2π, where κ s is a surface gravity and hence is expressed as
The quantity ∂f /∂r| r=r h in the definition can be interpreted as a velocity df /dr at a position f = 0 on the line ω(r, f ) = constant. That is, from the vanishing total derivative dω/dr| f =0 = 0 for the function ω(r, f ), we can write the Hawking temperature as
Using derivatives of ω with respect to f and r,
we obtain the Hawking temperature
T h diverges at a curvature singular point r h = r * . Without a source term V (r) = 0, T h becomes the expression [6] T
In the following discussion let us assume r h is the greatest horizon radius and r * is the greatest singular point, and for simplicity take κ = 1. If the highest order coefficient is positive, e.g. α 0 > 0, then the slope at the greatest zero is nonnegative, i.e. ∂Ω/∂r| r h = ∂ω/∂r| f =0,r h ≥ 0.
On the other hand, we can see that due to the asymptotic flatness of f (r) as r goes to infinity, the quantity −∂ω/∂f indicating a curvature singular point asymptotically goes to infinity forα 1 > 0. Thus, in the region r h > r * , − ∂ω/∂f | f =0,r h ≥ 0. Under these conditions, T h ≥ 0. Roots can be found in the expression Ω(r h ) = 0 having ∂ω/∂r| r h < 0. However, those regions do not correspond to the greatest horizon. It is also worthwhile to notice that in the limit r h → r * , T h → +∞ and as r h → ∞, T h → ∞ forα 0 = 0 and T h → 0 forα 0 = 0.
This means that between r * and ∞, if there exists a region where ∂T h /∂r h is positive, then there must be points where ∂T h /∂r h = 0. Entropy can also be expressed in a simple way and it can be easily seen that the condition r h > r * guarantees positivity of entropy. Using the first law of thermodynamics, dM = T dS,
From Eq. (23) we see that it is a general result that entropy should not depend on the energy momentum tensor at all. This result coincides with the corresponding case in vacuum [6] .
By integration we get the entropy
where an arbitrary additive constant has been omitted. With the above discussion dS > 0 for any r > 0 implies that a curvature singular point r * only exists within a horizon radius r h . Heat capacity is used in the following expression,
For r h > r * , dS > 0, i.e. ∂S/∂r h > 0 and T h > 0. For T h > 0 the sign of C depends only on ∂T h /∂r h . There exists an even number of transition points r c after r * such that ∂T h /∂r h | r=rc = 0 where the heat capacity is divergent. If r cM is the greatest r c , then for r h > r cM , ∂T h /∂r h < 0 and heat capacity is negative (but positive for r h < r cM ). Therefore, it is a general result usingα 0 > 0 andα 1 > 0, that black holes are not thermodynamically stable for r h > r cM . The heat capacity is explicitly given by
where 
When there is no source term, heat capacity is reduced to the expression in [6] :
We are particularly interested in a cloud of strings as a source of matter here. Thermodynamics of black holes in a string cloud background has been studied in the Gauss-Bonnet gravity [15] . The action and the energy momentum tensors for static spherically symmetric spacetimes due to cloud of strings have been obtained in [18] . The general energy momentum tensor for static spherically symmetric spacetimes is given in [11] . In Eq. (14), k = 0 corresponds to a cloud of strings [15] . Thus, V (r) is identified with
The case k = 0 gives the upper bound satisfying the dominant energy condition (the causality condition lowers the upper bound down to −1/n.) [11] . This means a cloud of strings contributes to the mass in the highest coupling with the highest possible order for the energy momentum tensor in the horizon radius. From Eq. (18) the mass of the black hole is given
We notice that due to the 1/n factor in the potential for large dimensions the effect of the source for thermodynamic quantities gets small. For odd dimensions a string cloud linear contribution is unique while for even dimensions, since it can be combined with
by redefining the highest couplingα ′ m =α m + a/(mκ m ), the change of the coupling a is effectively that of the value ofα m . We see that the contribution of strings to mass linearly depends on r h . Choosing n = 5 andα
whereα 2 ≡ α. This result can be verified in [12] for κ = 1. The Hawking temperature is
As we found before, entropy does not depend on the matter action
For κ = 0 the entropy satisfies the area law.
For n = 5 andα
and
which were found for κ = 1 in [12] . For κ = 0 The heat capacity is written as
Hence ,
This result was established in [12] for κ = 1 verifying the general expression in Eq. (41). It can be easily noticed that for a = 0 all thermodynamic quantities reduce to those in [6] . To see a non-trivial contribution of matter to heat capacity we consider T h = 0 and ∂T h /∂r h in the expression of heat capacity in Eq. (28). If T h = 0 exists somewhere in r * < r h < ∞ then a zero temperature horizon r hT can be found where
If α 0 > 0, then a string cloud will increase r hT because 2a/n < 0. For ∂T h /∂r h = 0, we write
where T h0 is the Hawking temperature without a source, and B = Asymptotically ∂T h0 /∂r h < 0 at infinity the value forα 0 ,α 1 > 0. ∂B/∂r h > 0 for r h > r * if r * is the greatest zero of B, so (−2a/nB 2 )∂B/∂r h > 0. Hence r c becomes greater and the thermodynamically stable region, if it exists, is decreased by a string effect.
IV. SUMMARY
We have studied static and spherically symmetric black hole solutions in Lovelock gravity in arbitrary N = n + 2 dimensions with an energy momentum tensor given by a cloud of strings. Thus, we have generalized the previous studies of black hole solutions in a string cloud background. We performed a detailed analysis of thermodynamical aspects of Lovelock black holes and the impact of the string cloud background. Although the geometry and horizon structures of the black hole solutions are quite complicated, we found the exact expression for thermodynamical quantities like the black hole mass, the Hawking temperature, entropy and heat capacity. We have explicitly shown the effect of a string cloud on black hole thermodynamics. Interestingly, it turns out that we can find a set parameters for which black holes are thermodynamically stable and the Hawking-Page phase transition is achievable. The entropy of a black hole is unaffected by a background string cloud. In classical general relativity, the black hole entropy obeys the area law, whereas in the Lovelock black holes considered here the area law is not changed.
Appendix A: Range of Parameters for a black hole
If we require that a physically acceptable black hole should not reveal a curvature singular point outside the horizon, then there exists an allowed domain of a parameter set. A curvature singular point stays not only at a centre but also outside the black hole. For instance, the reference [19] discusses such a singularity in Gauss-Bonnet gravity. We can extend our analysis to general Lovelock gravity. As mentioned in the last section obtaining a metric function f (r) is reduced to solving a polynomial equation for F (r). Therefore, F (r) and hence f (r) contain terms having a fractional exponent. At points where such terms vanish, derivatives of f (r) and hence curvature terms can diverge, [19] . For instance,
, where p is an integer and A and B are analytic functions and B is not an integer exponentiation of an analytic function. ∂f /∂r diverges at B = 0 as long as
As we will see later it is an important criterion for physical properties of thermodynamical quantities and determining whether such singular points stay inside a horizon. Let us define a function identifying a singular point as a denominator of df /dr:
obtained by using the relation Eq. (9) and taking the derivative of Eq. (10) . Note that Ω is defined by
Then a curvature singular point r * and a horizon radius r h can be obtained from
The quantity ω 0 = ω c (α s , a) can be tuned to have r * (α s , a, ω 0 ) = r h (α s , a, ω 0 ) ≡ r 0 . We consider only the κ = 1 case here since a similar analysis can be easily applied for the other 
respectively. These two equations lead to the condition ω 0 = ω c (α s , a). Repeating the procedure of multiplying the lower order equation by r q and eliminating the the highest order term eventually reduces the set of equations to two linear equations:
The existence of a solution leads to ω 0 = ω c (α s , a) and the condition will be ad − bc = 0.
We are interested in the behaviour in the neighbourhood of the greatest horizon radius r hM .
Deviation of ω 0 from ω c will separate r * and r h from r 0 , giving ∆r * and ∆r h . Varying
Eq. (A2) around r 0 we see how r * and r h are affected due to a change of ω 0 . The relation between ∆r * and ∆f due to ∆ω 0 can be found to be We consider the example of n = 5 with a string cloud background for the special choice of parameters,α 0 = 0,α 1 = 1α 2 2 = 3α 3 ≡ α 2 . This illustrates how ω changes r * and r h [12] .
We have
ar − ω 0 .
The first equation is factored out to be 
where a 1 = (2r 
